SIAM J. CONTROL OPTIM. (© 2018 Society for Industrial and Applied Mathematics
Vol. 56, No. 3, pp. 1692-1715

ON THE REACHABLE SET FOR THE ONE-DIMENSIONAL
HEAT EQUATION*

JEREMI DARDET AND SYLVAIN ERVEDOZAT

Abstract. The goal of this article is to provide a description of the reachable set of the
one-dimensional heat equation, set on the spatial domain = € (—L,L) with Dirichlet boundary
controls acting at both boundaries. Namely, in that case, we shall prove that for any Lo > L, any
function which can be extended analytically on the square {z + iy, |z| + |y| < Lo} belongs to the
reachable set. This result is nearly sharp as one can prove that any function which belongs to the
reachable set can be extended analytically on the square {z+iy, ||+ |y| < L}. Our method is based
on a Carleman type estimate and on Cauchy’s formula for holomorphic functions.
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1. Introduction.

Setting. The goal of this article is to describe the reachable set for the one-

dimensional (1D) heat equation. To fix the ideas, let L, T > 0 and consider the
equation

0w — Opgu =0 in (0,7) x (=L, L),
(1.1) u(t,—L) =v_(t) in (0,T),
‘ u(t, L) = vy (t) in (0,7),
u(0,2) =0 in (=L, L)

In (1.1), the state u = u(t, x) satisfies a heat equation controlled from the boundary
x € {—L, L} through the control functions v_(t), v, (t) € L?(0,T). In this article,
the control functions v_ and v4 will be complex valued unless stated otherwise, and
following, the solutions of the heat equation will also be complex valued.

Our goal is to describe the reachable set Zr(T) at time T > 0, defined as follows:

(1.2)  ZL(T) = {u(T) | u solving (1.1) with control functions v_, v, € L?(0,T)}.

Obviously, due to the linearity of the problem, the reachable set % (T') is a vector
space. Besides, as remarked by Seidman in [27], due to the fact that the heat equation
is null-controllable in arbitrarily small time ([6, 9] in dimension one, [15, 10] in higher
dimensions), the reachable set Z,(T) does not depend on the time horizon T. Using
again the null-controllability of the heat equation in small time, one also easily checks
that the set of states u(T',-) which can be reached by solutions of (1.1)(1 2 3) starting
from an initial datum u(0,-) € L?(—L, L) coincides with %,(T). Therefore, we will
simply denote the reachable set by Z;, in the following.
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Main results. We aim at proving the following result, whose proof is given in
section 4.

THEOREM 1.1. For Ly > 0, let us introduce the (open) square
(1.3) S(Lo) = {z +1y, || + |yl < Lo},

and let us denote by </ (Lo) the set of functions u € L?*(—L, L) which can be extended
analytically to the set S(Lo):

(1.4) o (Lo) = {u € L*(—L, L) which can be extended analytically to S(Lo)}.

Then we have the following:

(15) ULﬂ(LQ) C %r.

Lo>

Theorem 1.1 describes a subset of the reachable set Z; in terms of analytic
extensions of functions. It turns out that using this description, Theorem 1.1 is almost
sharp as a consequence of the following result, recently obtained in [22, Theorem 1],
that we recall here.

THEOREM 1.2 (see [22, Theorem 1]). Let u € #r. Then u can be extended
analytically to the set S(L). In other words,

(1.6) %1, € o (L).

In fact, [22] also describes a subset of Z}, in terms of the analytic extension of
the functions and shows the following weaker form of (1.5): If u € L?(—L, L) can be
extended analytically to the ball B(0, R) for R > e (~1.2L), then u € Zy,.

The article [22] is to our knowledge the only one describing the reachable set %y,
without the use of the eigenfunctions of the Laplace operator. If one uses the basis
of eigenfunctions of the Laplace operator, simply given by (sin(nm(x+ L)/(2L)))n>1,
the results of [7] (which is a slightly more precise version of [9] in this 1D case) yield

. mr(x + L) 2, nm
(1.7) u(z) = glcn sin <2L> such that ; len|*ne™™ < 0o p C Xy

Note that condition Y, |c,|*ne™™ < oo implies that the function u(z) = > - ¢,
sin(nm(x + L)/2L) admits an analytic extension in the strip {(z + iy) | |y| < L}.
Besides, it also implies the boundary conditions u(—L) = u(L) = 0 and for all n > 1,
(Ozz)"u(—L) = (Oz)™u(L) = 0. As pointed out in [22], this latter condition is rather
conservative and should not be relevant as the control is acting on the boundary
xe{—-L,L}.

The proof of Theorem 1.1 will be presented in section 4 and is inspired by a
Carleman type inequality for the adjoint equation (after the change of variable ¢ —
T — t and having done the formal limit T — o0):

Oz — Opez =0 in (0,00) x (=L, L),
(1.8) z(t,—L) = z(t,L) =0 in (0,00),
2(0,2) = zo(x) in (=L, L).
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Namely, let us recall that the work [7] proves the following observability type estimate:
There exists C' > 0 such that any smooth solution z of (1.8) satisfies

(1.9)
[e%) L LQ o
/ / =t 2)2exp [~ L) dudt < c/ (1902(t, —L)? + 10,2(t, L)) dt.
o J-r 2t 0
In section 2, we will prove the following improved version of (1.9).
THEOREM 1.3. For all T > 0 satisfying
(1.10) 7T > L7,

there exists a constant C > 0 such that for any smooth solution z of (1.8), we have
the observability inequality:

L 2 _ L2 o] L 2 _ L2
(1.11) / |2(T, z)|? exp x dfc—i—/ / |2(t, x)|? exp * dx dt
L 2T 0 _L 2t

T
< c/ t (10:2(t, —L)|* + |0,2(t, L)|?) dt.
0

We emphasize that the improvement of (1.11) with respect to (1.9) is due to the
presence of the weight function depending on z in (1.11). Besides, as we will see in
section 2, the proof of Theorem 1.3 is more direct than the proof of (1.9) in [7] as it
is not based on the observability of the corresponding wave operator.

In fact, our proof of (1.11) closely follows the one of the classical Carleman es-
timates for the heat equation derived, for instance, in [10]. In that context, the
corresponding weight function exp((z? — L?)/4t) corresponds to the inverse of the
exponential envelop of the kernel

1 . xL L2 — 22
111 —_—
Vit P\ )P\ T )

which corresponds to a solution of (1.8)(;) (in fact, it is the usual Gaussian trans-
lated in the complex plane x — x + ¢L) used in the transmutation technique in [7].
Furthermore, this function &z, can be used to check that estimate (1.11) is sharp with
respect to the blow up of the weight close to ¢t = 0.

The condition (1.10) appears naturally in our proof of (1.11). One could naturally
think that this condition is remanent from some kind of parabolic version of Ingham’s
inequality [13]. But this is not the case. In fact, condition (1.10) rather comes from
the fact that, when applying (1.9) to the solution exp(—m2t/(4L?))sin(r(x + L)/2L)
of (1.8), the weight function in time appearing is exp(—2n2t/(4L?) — L?/2t), whose
monotony changes precisely at 7% = L? /7.

One then needs to interpret Theorem 1.3 in terms of a dual controllability state-
ment. This mainly consists of the usual duality statement between controllability and
observability of the adjoint equation (see, e.g., [5, 16]). To be more precise, we obtain
the following result (see subsection 3.1).

LEMMA 1.4. Let g € L?(0,00; L?(—L, L)) be such that

[e’e] L L2 _ xQ
(1.12) / / lg(t, )| exp ( ) dx dt < oo
o J-L 2t

kL(t,.’E) =
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and T satisfying (1.10). If w denotes the solution of

—0yw — Ogzw = g in (0,T) x (=L, L),
(1.13) w(t,—L)=w(t,L)=0 in (0,7),
w(T,x) = wr(x) in (—L,L),

for some wr € L?>(—L, L), then wo(z) = w(0,x) belongs to the reachable set Zr,.

However, it is not completely straightforward to use Lemma 1.4 as the fundamen-
tal solution of the heat equation in a bounded domain involves a discrete summation
(namely, the method of images yields a fundamental solution under the form of a sum
of odd and even translations of the usual Gaussian kernel). Instead, we prefer to rely
on the following result, proved in section 3.

THEOREM 1.5. Let Ly > L and « : [— Lo, Lo] = R be a continuous function on
[—Lo, Lo]. For h € L?*(—Ly, Lo), we define

22— Lo*  a(x)

(1.14) g(t,x) = t31/2exp( yr —i = ) h(z), (t,z) € (0,00) x (—=Lo, Lo).

Then the state wo defined on (—L, L) by

(1.15) wo(x)/ooo /LL \/Z%exp <(“”’“'4:)2> g(t,#)didt, =z € (~L,L),

is well-defined and belongs to the reachable set Zy,.
Besides, wg can alternatively be written as

2t h(%)
)= ﬁ/_Lo (x — 2)2 4 Lo® — i2 + ia (%)

(1.16) wo(z dz, wxe(—L,L).

Under the conditions of Theorem 1.5, explicit computations yield that for any
a € C%[—Lo, Lo); R), the range of the operator K, : L>(—Lg, Lo) — L*(—L, L) given
for h € L?(—Lo, Lo) by
2 [lo h(%)
(1) Kam@ == [ .
VT, (x—%)2 + Lo — 72 + ia(Z)

is contained in the reachable set %Zy. Therefore, Theorem 1.5 can be rewritten as

di, =€ (—L,L),

(1.18) Ya € C°([~Lo, Lo];R), Range(K,) C Zy.

The proof of Theorem 1.1 will thus mainly be reduced to choosing carefully the above
functions « and h in Theorem 1.5 so that all functions which admit an analytic
extension in a set S(Lg) for Ly > L can be decomposed into a finite sum of elements
in the images of the above operators K,. This property will be achieved by using
Cauchy’s formula for holomorphic functions along contours which coincide with the
singularities of the kernel of the above operator K. Details of the proof are given in
section 4.

As it turns out (see section 4), we will require the use of nontrivial functions «
in a critical way. This might be surprising at first as this function introduces strong
time oscillations in the source term of the heat equation in (1.14). In other words, we
need these strong oscillations to reach the whole reachable set.
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Scientific context. The characterization of the reachable set of the heat equa-
tion is a rather old issue, whose study probably started with the pioneering work [9]
studying this question in dimension one using harmonic analysis techniques. The re-
sult of [9] was then slightly improved into (1.7) in [7] using the so-called transmutation
technique allowing us to write solutions of the wave equations in terms of solutions of
the heat equation (1.8). The strategy developed in [9] has also been recently adapted
to the study of reachable sets of weakly degenerate parabolic equations in [2].

More recently, Martin, Rosier, and Rouchon proposed in the work [22] to char-
acterize the reachable set of the heat equation in the 1D case by a description of the
set on which the reachable states are analytic. As explained above, this description
yields that if a state admits an analytic extension on the ball B(0, R) for R > e[
(~1.2L), then it belongs to the reachable set #Z1. The approach in [22] relies on the
flatness approach, which has been developed recently by Martin, Rosier, and Rouchon
in the context of parabolic equations; see [20, 21].

Of course, describing the reachable set of the heat equation is also related to the
results of controllability to trajectories for the heat equation, which by linearity are
equivalent to the results on null-controllability. In this context, the breakthrough
came from the introduction of Carleman estimates to obtain observability results
for the heat equation in any dimension from basically any nonempty open subset; see
[10, 15]. Nonetheless, in general, Carleman estimates are not suitable to provide sharp
estimates as one has very little control of the coefficients appearing in them. Theorem
1.3 is a very specific case in which the parameters can be explicitly computed.

With that in mind, one could also relate the Carleman estimate in Theorem 1.3
with the Hardy uncertainty principle obtained in [8]. In some sense, the weight that
we are using is a limiting Carleman weight, in the sense that the conjugated operator
appearing in the proof of Theorem 1.3 satisfies a degenerate convexity condition; see
Remark 2.1.

Let us also emphasize that there are several works related to the cost of control-
lability of the heat equation in short time. Let us quote in particular the works by
[23, 24, 25, 28] studying these questions. It was thought for a while that the under-
standing of the blow up of the controllability of the heat equation in short time would
be more or less equivalent to a good characterization of the reachable set, but this
was recently disproved in [19]. We refer the interested reader to this latter work for a
more detailed discussion on this fact.

These issues are also related to the questions raised in [3] concerning the con-
trollability of a viscous transport equation with vanishing viscosity parameter; see
[17, 18]. In that sense, our work suggests that observability results for the heat equa-
tion stated only in terms of their spectral decomposition could possibly be reinforced
by considering space weighted functional settings appropriate to the control problem
at hand.

We end this introduction by emphasizing that there are many methods to get
control results for the heat equation avoiding the use of Carleman estimates, starting
with the pioneering work by Fattorini and Russell [9] using a moment approach (see
also [26]). One can, for instance, get control results for the heat equation through the
controllability of the wave equation and a suitable time transformation—the so-called
transmutation method; see [23, 24, 7]. We should also mention the so-called flatness
approach developed in [20, 21, 22], the backstepping approach developed in [4], or the
new proof of observability of the heat equation proposed in [11] using a heat packets
decomposition of the solutions of the heat equations. However, to our knowledge,
these methods do not allow so far to obtain Theorem 1.1 directly.
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During the referee process, Marius Tucsnak kindly pointed out to us the work
[1], which shows that the reachable set for the heat equation on the half-line (0, c0)
controlled from x = 0 with controls in L?(0,T}; tdt) exactly is the Bergman space
defined on the sector {z € C, with ®(z) € [0,|S(2)])} weighted with the weight
exp(22/4T). The proof of this result relies on an algebraic trick allowing to identify
the reproducing kernel of the Bergman space in the above-mentioned sector in the
computation of the control operator. We shall also mention the recent preprint [12],
which combines the result of [1] with the theory of Riesz bases for Smirnov spaces to
show that the reachable set on a bounded interval actually is sandwiched between the
Bergman space in the square S(L) and the Smirnov space of the square F(L), thus
giving a result more precise than Theorem 1.1 with another different technique.

Outline. This article is organized as follows. Section 2 gives the proof of Theorem
1.3. Section 3 establishes Theorem 1.5. In section 4, we prove Theorem 1.1. We finally
provide the reader with further comments in section 5.

2. Proof of Theorem 1.3. Let z be a smooth solution of (1.8), and introduce
the new unknown (the conjugated variable):

$2 _ L2
(2.1) Z(t,x) = 2(t, )t exp ( p” > , (t,xz) € (0,00) x (=L, L).
It satisfies the equations
.oz, . 1 I
O0iZ + ;8332' ~ 57 OreZ — ekl 0, (t,z)€ (0,00) x (=L, L),
: z(t,—L) = z(2, =0, t € (0,00),

(22) 2(t,—L) = 5(t,L) = 0 0

z(0,2) =0, x € (=L,L).

We then introduce the energy E(t) and the dissipation D(t) defined for ¢ > 0 by

L
(2.3) B0 = [ a0 d

-L
L 2 L
< 2 L < 2
(2.4) D(t) = / |0,2(t, )| de — — |Z(t, x)|° dz.
-L 42 J_p
Easy computations show that they satisfy the following ODEs: for all £ > 0,
dE 2
(2.5) —(t)— =E(t)+2D(t) =0,
dt t
(2.6)
dD L L2 2 L
dt L 4t2 t

Using Poincaré’s inequality, it is readily seen that for all ¢ > 0,

L ) 2 [t ) w2 L2
. = z [ — > > -
27 D) /L 1022(t, )| dz — ., |2(t,2)|" do > <4L2 4t2> E(t),

which implies in particular that D(¢) is nonnegative for ¢t > L2 /m. Let then T > L% /7
as in (1.10). Integrating (2.6) between 0 and T' and using the fact that D(0) = 0 due
to vanishing behavior of the weight function close to t = 0, we get

(28)
L

2 2

SOt 7) — L5t )

T
L
= do dt < / (192, ~L)P + 10.5(t, L)) di.
0
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Multiplying —0,, 2 — %2 by 220, Z, and using that Z satisfies the boundary conditions
Z(t,—L) = Z(t, L) = 0, we obtain, for all ¢ > 0,

L L2 L
| ortopat g [P

L 2
= 2R (/ Opz2(t, ) — thzé(t,x)) dex) + L (|0:2(t, —L)|* +10,2(t, L) |?)

L
L
SLQ/

L(10:2(t, =L)]* + 10:2(t, L)I?) ,

2 2

L R
OraZ(t, ) aTe Z(t,x)| dz+ |0.2(t, 2)|* dx
~L

so that for all ¢ > 0,

L 2 2

L? . L=
— Oz Z(t, ) — @z(t, x)| dx

L
L \E(t,:c)\QdaszQ/
iz |,

—L
+ L (|0,2(t, —L)|* + |0:2(t, L)|?) .

Using this last estimate in (2.8), we derive

(2.9) / / 5t 2)|2 d dt < c/ B3t~ L) + |0,5(, L)[?) dt.

As (2.7) implies that for any ¢ in (L?/m,T), D(t) > 0, we get from (2.5) that ¢t
E(t)/t? is decreasing, hence

E(T) 1 TOE®) / / )2
2.1 < dt < t t.
210 =" < 7oy, /LQ/,T 2 =T L2/7r t2| 2)f" dvd

Furthermore, (2.7) also implies that for any t > T > L2/,

L? (7?77
. U _
(2.11) D(t) > 17 ( 7 1) E(t)
Using (2.11) in (2.5) gives
d (E(t) L? (m2T? E(t)
. — — <
(2.12) dt( 2 >+2T2< e =0

Integrating (2.12) between T and ¢ for ¢ > T gives

B(t) L? [(7T? L E(s) E(T)
— <
2 +2T2( ! 2 s

which, once combined with (2.9) and (2.10), gives

1 ~
/ / —2 A(t, x))? de dt < C/ L Z(t, — L) + |0.2(t, L)[?) dt.

Using (2.1), we immediately obtain (1.11).
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Remark 2.1. Note that the conjugated operator in (2.2) is in some sense degen-
erate. Indeed, the conjugated operator in (2.2) is

T 1 L?
8t+;8x_2*t_aza:_@7
which can be written as A + B + R with
T 1 L? 1
A=0+-0,+—, B=-0,, — —, dR=—-,
tt 0Ty a2 t

and which satisfies
2
A*=—-A, B*=B, [AB]= —¥B7

while the operator R is of lower order.

In particular, if the symbol of the operator A and of the operator B cancels, the
symbol of the commutator [A, B] vanishes as well. The convexity condition needed
to get Carleman estimates is therefore degenerate with our choice of weights. Such
degenerate weights have appeared in the literature lately in the context of the Calderén
problem; see in particular the works on the limiting Carleman weights (see [14] and
subsequent works).

3. Duality results.

3.1. Proof of Lemma 1.4. Let w denote the solution of (1.13) with source
term g satisfying (1.12) and initial datum wy € L?(—L, L). For the proof below and
in order to simplify the notation, we further assume that g and wy are real-valued.
This can be done without loss of generality by applying the result to the real part of
(g,wr) and the imaginary part of (g, wr) in case (g, wr) are complex-valued.

Let us then define the functional J as follows: for zo € HJ(—L, L;R),

1 T
(3.1) J(z0) :== 5/0 (|8zz(t, 7L)|2 + \azz(t,L)|2) dt

T L L
- / gzdxdt —/ 2(T, z)wr () dx,
0o J-L ~L

where z denotes the solution of (1.8) with initial datum zj.
From the Carleman estimate in Theorem 1.3 and assumption (1.12), the functional
J can be extended by continuity on the space

(3.2)
. T
X =To0 € HIL LR} ™ with |22 :/ (1052(t, —L)2 + 0,2(t, L)) dt,
0

obs

where z denotes the corresponding solution of (1.1) with initial datum zy. Note that
using (1.11), one can associate to zgp € X a solution z of (1.8)(; 2) and normal traces
Oy 2(t, L) with z exp((2?—L?)/4t) € L?(0,00; L>(—L, L)) and 9,2(t,+L) € L?*(0,T).

Besides, the functional J is strictly convex and coercive on X from (1.11). There-
fore, it admits a unique minimizer Zy in X. Let us denote by 0, Z(t,—L), 0,Z(t, L)
the corresponding normal traces and set

(3.3) v_(t) = 0, Z(t, —L), wi(t) = —8,Z(t, L), in (0,T).
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Using then that J(Zp) < J(0) and the Carleman estimate (1.11), one easily checks
that

2 2
34)  No-Ollz20,m) + I+ O 20,1)

T rk 2 _ 2 L 2 o
sc [ [Cwaren(E52) aave [ e (Z2) a
0 J-L 2t _z 2T

Furthermore, the Euler-Lagrange equation of J at Zj in the direction zg € H} (—L, L; R)
yields

(3.5)
T T L L
0 :/0 (v_(t)0ypz(t, —L)—v4(t)0y2(t, L)) dt—/o /_ngdx dt—/ 2(T, z)wr(x) dz.

L

As multiplying (1.13) satisfied by w by z solution of (1.8), we get the identity
T L L L
(3.6) / / gzdxdt+ / 2(T, x)wr(x) dx = / zo(z)w(0, z) dz,
0 J-L —L —L

and identity (3.5) can be rewritten as follows: for all zy € H(—L, L; R), denoting by
z the solution of (1.8), one has

L T
(3.7 /_L zo(x)w(0,2) de = /0 (v_(t)0z2(t, —L) — v4(t)0p2(t, L)) dt.

Recall then that v_, v, belong to L?(0,7T) according to (3.4), and let us then define
u the solution of

Opu+ Opru =0 in (0,7) x (—L, L),
u(t,—L)=wv_(t) in (0,T),

(3.8) wWt.L) = vs(t)  in (0.7,
w(T,z) =0 in (-L,L)

We claim that u(0,-) = w(0,-). Indeed, for zg € H(—L, L;R), if we multiply the
equation of u in (3.8) by the solution z of (1.8), we get

L T T
(3.9 / u(0,x)zp(z) dz = 7/0 v4(t)052(t, L) dt Jr/o v_(t)0z2(t, —L) dt.

-L
Therefore, comparing (3.7) with (3.9), we get that

L
V2o € Hy(—L, L;R), /_L(u(O,ac) —w(0,2))z0(z) de =0,

that is, u(0,-) = w(0, -).

We then simply remark that doing the change of unknowns a(t, ) = u(T —t,-),
04 (t) = ve(T —t), u(0,-) = @(T,-) is a reachable state for (1.1) with controls
o+ € L%(0,7T), ie., u(0,-)€Zr. As u(0,-)=w(0,-), we have thus obtained that
w(0,-) e ZyL.
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3.2. Proof of Theorem 1.5. Set g as in (1.14) and define, for (¢,z) € (0,T] x
(=Lo, Lyp), the function w(t, z) as follows:

(310)  w(t,x) / /LO \/_ exp ( (I(t__xZ;) oG, ) didi
(3.11) / / T O <(“T;Sx)2) g(s +t,7) dids.
Our goal is to check that w solves

O —Ouw=g in (0,T) x (~L, L),
61 win s o)

w(T,z) =wr(z) in (=L, L),

with appropriate choice of functions wr € L?(—L,L), v_ € L?(0,T), and vy €
L?(0,T) and that wg defined in (1.15) simply is the trace of w at time t = 0.

Indeed, if (3.12) holds, we can decompose w as w = W + w, with w satisfying
(1.13) with source term g and with initial condition @(T") = wr and W satisfying the
equation

-0 — Dy =0 in (0,T) x (—L, L),
w(t,—L)=wv_(t) in (0,7),
(3.13) Wt L) = vi(t) i (0.T),
( ) =0 ( La L)v

for which one immediately has (by the change of variables t — T —t) that @ (0, -) € Z.
The state w(0,-) belongs to Zr, since g defined in (1.14) satisfies (1.12) due to the
condition Ly > L and so Lemma 1.4 applies. This eventually implies that w(0, -)
belongs to %y, as w(0,-) and w(0, -) belong to Zr..

We therefore first focus on the proof of the fact that w in (3.10) satisfies (3.12)
with wy € L?*(—L, L), v_ € L?(0,T), and vy € L?(0,T) and that wg defined in (1.15)
simply is the trace of w at time ¢ = 0.

Let us now prove that w in (3.10) satisfies (3.12).

We first remark that g in (1.14) satisfies, for all (¢,z) € (0,00) x (—L, L),

(314 906,91 < 0 (2 ) W@ < 5100

with h € L?(—Lg, Lo). The continuity of w in (3.11) is therefore easy to prove on all
sets of the form (¢,7) € (g,00) x (—Lg, Ly) with € > 0, as the decay in ¢ in (3.14)
makes the integral convergent for s = £ — ¢ close to infinity while the integrability for
s close to 0 simply comes from the integrability of s — s~/2 close to 0. Conversely,
the continuity close to ¢ = 0 is more delicate to obtain. We will simply show that w
n (3.11) is continuous on (t,z) € (0,00) x (—Lg, L2) for Ly € (L, Lg). Indeed, let us
set Ly € (L, L), and let us rewrite w in (3.11) as

(3.15) w(t, z) //LUMHS)W

(x—2)? L ., a@) e
exp( P + 1t —14(t+5))h(x)da:ds.
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Under this form, it is clear that what matters is the sign of

(x— %)% & —Ly?

P(t T) = — .
(,s,x,x) 4s + 4(t+8)

For t > 0, s € (0,00), « € [—La, Ls], and & € [— Ly, Ly], we have

1

P(t,s,z,x) = 019 (

—(z = @)%+ s(—(z — 2)? + 3% - Ly?))

_2 2~_L2
_4(t+s)( 04203 = Lo7)

(—$2 + 2|1‘|L0 — L02)

~A(t+s)
1

< —m(la — Lo)*.

One then easily deduces that w in (3.15) is continuous on [0, 00) X (—Lg, L) and that
its value at ¢ = 0 coincides with the formula (1.15).
We can then set

v_(t)=w(t,—L) in (0,7), wvi(t)=w(t,L)in (0,T7), wr(z)=w(T, z)in (-L,L),
for which the previous analysis implies v_ € L2(0,7T), v, € L?(0,T), and wr €
L*(—L,L).

Finally, the fact that w solves the first equation in (3.12) obviously comes from

the fact that the kernel appearing in (3.10) is the heat kernel.
In order to prove formula (1.16), we simply use Fubini’s theorem:

/ / Lo \/Eﬁ P <_ e ;@2 + r ;tLoz - iai?) h() didt
- o / ( / eXp( (o | Pl i“if)) dt) .

h(Z) -
\f/ (x — ) +L027f2+ia(i)dx.

This concludes the proof of Theorem 1.5.

4. Proof of Theorem 1.1.

4.1. Strategy. As explained in the introduction, our main objective is to study
the range of the operators K, introduced in (1.17) for good choices of functions a.

To start, we will focus on the case & = 0, and in section 4.2 we will prove the
following result.

PROPOSITION 4.1. Let L > 0 and Ly > L, and define the operator Ko r, :
L*(—Lo, Lo) = L*(=L,L) by

(4.1) KoL, (h f s +)Lo ——di, we(-LL)

Then any function k defined on (—L, L) which can be extended analytically on the
closure of the ball of size Lo belongs to the range of the operator Ko r,,.
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Proposition 4.1 is proved using the Chebyshev polynomials (U, )nen of the second
kind, that is, the sequence of polynomials such that for all n € N,
sin((n + 1)0)
sin(9)
Indeed, they appear naturally as the generating function for the polynomials U, is
given as follows:

(4.2) U, (cosf) = 0 € (—m,m).

1 1
43 ", (F) = - oz Fe(=1,1).
(4:3) nz>ox @) 1-222+22 (x—2)2+1—22 n & el )

Let us also point out that for h € L?(—Lg, Lo), we automatically have that Ko r,(h)
admits an analytic extension on the ball of radius Ly by the obvious formula:

h(#) )
4.4 K d:z:, z € B(0, Lg).

(4.4) 0,Lo (R f 7Pt L (0, Lo)

In other words, Proposition 4.1 proves that the range of the operator K 1, is very
close to being exactly the functions which can be extended analytically to the ball of
radius Lo. This is in fact rather expected due to the similarity of formula (4.4) with
the Poisson kernel appearing when solving the Laplace equation in the ball.

Remark 4.2. Note that Proposition 4.1 already improves the result of [22], which
proved that functions which can be extended analytically to balls of radius e!/(2¢) [, ~
1.2L belong to the reachable set Z;,. But the approach of [22] presents the advantage
of giving an explicit construction of the control function associated to a given reachable
state, while the control provided by our approach is much less explicit.

The next step then consists in showing that choosing the function a carefully,
we can reach any function which can be extended analytically in the neighborhood
of the square S(L). The basic idea in order to choose the function « appropriately
is to remark that the operator K, in (1.17) has a kernel given for (z,%) € (=L, L) x
(Lo, Lo) by

(4.5)
1 1

(m ww)
(@22 + L2 — 22 +i0(@)  Xai(@) — Xe (3) \&— Xar(3) - Xe_(2)

with

where we used the complex square-root function cut on the axis R_.
We claim that it is possible to choose « as follows.

LEMMA 4.3. Let Lo > 0 and € > 0. Then there exists a continuous function
a: (=Lo,Lo) — R such that
(i) « is an even piecewise C*(—Lg, Lo) function and o can be extended as a C*
function on the interval [—Lg, 0] and [0, Lo];
(ii) for all & € [—Lo, Lo|, Xa,+(—%) = —Xo —(Z);
(iii) the set {Xq,—(Z), T € [0, Lo]} describes a path included in the set {x+iy, v >
0,y <0} \ B(0, Lo);
(iv) the set {Xo +(Z), T € [0, Lo]} describes a path included in the set S(Lo(1 +
)\ 8(Lo) N{z +iy, z 2 0,y > 0}.
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Fic. 1. In black, —— the square S(Lg) with Lo = 1; in red, .— the euclidean ball of radius Lo;
in blue, the contour given by the sets {Xa 4+ (&), T € [—Lo, Lo|} U{Xa,— (%), & € [~Lo, Lo]} given
by a as in Lemma 4.3.

Nl . i
AN
ZEINN
2 AN
v AN
2 AN
S AN
05 S AN 1
S AN
2 AN
2 AN
v AN
/ \
0
/
\\\ y
SN\ Y/
NN\ /S
N\ S/
05 NN\ // 4 |
N\ /
ANN v/
N VI
N 7
N | 7
N
Al < i
1 0.5 0 05 1
F1G. 2. In black, —— the square S(Lo) with Lo = 1; in red, .— the square S(Lo(1 + €)) with

Lo =1, e = 0.15; in blue, a corresponding contour C given by Lemma 4.3.

The proof of Lemma 4.3 is given in section 4.3. To illustrate this lemma, we
plot the corresponding contours in Figure 1. According to Figure 1, it is clear that if
the contour given by {X,, +(Z), & € [—Lo, Lo|} U{Xa,—(Z), & € [—Lo, Lo]} indeed lies
close to the square S(Lg) for the part {X, 1 (&), € [0, Lo| }U{ X4+ (&), T € [—Lo, 0]},
the rest of the contour poorly approximates the square S(Lg). It is then natural to
try to use only the part of the contour given by the part which approximates nicely
the boundary of the square S(Ly).

To be more precise, let us now fix € > 0 and take « as in Lemma 4.3. We then
define the following oriented paths:

Ci = {Xo+(&), Z from Ly to 0},
Co = {Xo_(2), % from0to — Ly}, _

(4.6) Cs = {X._(&), Z from — Ly to 0}, C=CUCUCUC
Ci = {Xo+(&), z from 0 to Ly},

The contour C is a closed path contained in S(Lo(1 +¢)) \ S(Lg); see Figure 2.
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Besides, it is easy to check that
(4.7) Xat(@) = Xoaz(&) ¥ & € [~ Lo, Lo).

This suggests that, to reach functions which are analytic in S(Lo(1 + ¢)), one should
use the operators K, and K_,. Indeed, using both these operators, we get the
following result, proved in section 4.4.

ProroOSITION 4.4. Let L >0, Lo > L, € > 0, and a as in Lemma 4.3.

Then, for any function k defined on (—L, L) which can be extended analytically
on S(Lo(1 +¢)), one can find two functions hy € L*(—Lo, Lo) and h_ € L*(—Lg, Lo)
such that the function k — K, (hy) — K_o(h_) can be extended analytically on the ball
of radius L.

Combining this result with Proposition 4.1, we get the following immediate
corollary.

COROLLARY 4.5. Let L > 0. For any Lo > L and e > 0, there exists a continuous
function « : (—Lg, Lg) — R such that any function k defined on (—L, L) which can be
extended analytically on S(Lo(1+ ¢€)) can be decomposed as

(4.8) k(z) = Ko(hy) (@) + K_o(h_) + Ko, (ho) forz € (~L,L),

with Ly = (L + Lg)/2, for some hy € L?>(—Lg,Lg), h— € L*(—Lq, Lg), and hy €
L?(—Ly,Ly).
Theorem 1.1 is then an immediate consequence of Corollary 4.5 and Theorem 1.5.
4.2. Proof of Proposition 4.1.
Proof. We start by writing the operator Ky r, in (4.1) slightly differently:
2/72 ) 2 dz.
O\f _1o ¥2/LG Qxx/L +1

(4.9) Ko.1,(h)(z
Therefore, using (4.3), we get

(4.10) Ko, (h)(x) Lg\f Z (LO) /_LL U, (5{)) h(i)dz.

We then recall that the Chebychev polynomials are orthogonal for the scalar product
L?(v/1 — 22dx), i.e., for all m and n in N,

1
(4.11) / Un(8) U (2)V/1 — 32 d7 = g&mm
-1
where 0y, 1, is the Kronecker symbol, so that we have in particular
Lo - - o
T T T? . wly
4.12 / U, () Un () 1— —=dZ=—"4dnm.
( ) “Lo Lo Ly L3 2

Let us now consider a function k& which can be extended analytically on the closure
of the ball of radius Lg. Then k is characterized by its power series expansion,

= Z kn2", =z € B(0, L),

n>0
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and the coefficients k,, satisfy

(4.13) > [kl Lf < 0.

n>0

Therefore, using (4.10) and (4.12), one easily checks that a good candidate h for
solving Ko 1,(h) = k is given by

(4.14) h() Lo > Ly kU, (57),/1 i & € (—Lo, Lo)
. = —= mUm | 7 - 7o —4L0,40)-
Nt 0 Lo L2

We then check that h indeed belongs to L?(—Lg, Lo). This follows from the following
computations, based on (4.12):

Lo Lo
[ m@pdr< [ h@)P s

—Lo —Lo 1-— x2/L0
L2 [*o — i z . N
== Ly kb Un ( — ) Un | +— | /1 — #2/L2d
u /—Lo 2 1 (LO) (LO) By
m,n>0
L} m
= IS e
m>0
which is finite due to (4.13). This concludes the proof of Proposition 4.1. d

Remark 4.6. Note that the quantity

> L3 kl?

m>0
appearing in the proof is related to the norm of the function % in the Hardy space 2
on the ball of radius Lg.
4.3. Proof of Lemma 4.3.

Proof. Let us first remark that by rescaling if needed as
o) +— Lia(r) with 7 = —,

Ly

we can focus on the case Ly = 1 without loss of generality. Indeed, in that case,

Xsi(r)=74+i/1—-7124+ia (1) = Ly ' X4 (&) with & = LoT.

In the following, we call 7 the rescaled variable and we simply denote the rescaled
functions &, X4s + by o, Xo 4+ to simplify notation.
For p € N\ {0}, we set

(4.15) ap 7€ (=1,1) = 2|7| (1 —7%).

Note that with this choice, item (i) of Lemma 4.3 is obvious.
With this choice, we also immediately get that

Xap,— (1) = —Xa, 4 (—7), 7Te[-1,1],

i.e., item (ii) of Lemma 4.3.
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In order to study the map X, 4 on [—1, 1], it is therefore sufficient to characterize
the sets of {Xo, +(7), 7 € [0,1]} and {X,, (1), 7 € [0,1]} = —{Xq4, +(7), 7 €
[~1,0]}.

If we define, for 7 € (—1,1),

~v(r) = \/(1 —72)2 4+ ap(7)? and 0(7) € [O, g} s.t. cos(6(7))

)

sin(6(7 :ap(T)
(0 =25

which can be extended continuously for 7 = +1 so that
vre [-1,1], (1 —72)+ia,(r) = (1)e?™),

we obtain
0 0
X, 4+ (1) =T — /(1) sin ((27)> + iy/7(7) cos (<2T)> ,
implying in particular that (X, (7)) > 0 for all 7 € (—1,1).
Furthermore, using that

sin <6(2T)) = %(1 —cos(0(7)) ~v(1) — (1 = 72)),

1
V()

we get
Koy () =72 = 27 3G (4] 4 500)

=72 +4(r) = VIrVAD) — (1 - 7)
=1+ VA~ =7 (VA = (1= 7) - Var ).

Under this form, we clearly have that for 7 € (—1,0), [Xq, +(7)| > 1. Besides, for
7€ (0,1), we have

Y1) - (1-72)< Vor & ) <l+P ey <1+ e Otp(T)2 <472,

the last inequality being obviously true for any 7 € (0, 1), recall the definition of «,
in (4.15). This implies that [X,, 4 (7)| <1 for all 7 € (0,1).
We can then remark that

R(Xe, +(1) =7 = Vs (D)) =7 = Zo VAT - G- 79,
so that similarly as above, R(X,, (7)) > 0 for 7 € (0,1) and R(X4, +(7)) < 0 for
T € (—1,0).

We have thus proved that {X,, +(7), 7 € (=1,0)} is contained in {z + iy, x <
0,y > 0} \ B(0,1). Using item (ii) of Lemma 4.3, one easily checks that the set
{Xo,—(1), 7 €[0,1]} is included in the set {z +1iy, z > 0, y < 0} \ B(0,1).

Therefore, to finish the proof of item (iii) of Lemma 4.3, we only need to prove
that {Xo, +(7), 7 € (=1,0)} describes a rectifiable curve. This can be done easily by
a tedious computation after having noticed that

X%+<T>:T*% v(ﬂf(lfﬂwi% Y+ - 72).

The details of the computations are left to the readers.
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We shall now focus on the proof of item (iv) of Lemma 4.3.
As R(X,, (7)) > 0 for 7 € [0,1], we have, for all 7 € [0,1],

[R(Xay,,+ (1) + [3(Xa,, + (7))

T+ \/ﬁ (cos (9(27)> — sin <9(2T)>>

:1—1-(7'—1)—&—%[\/’)/(7) +(1—72) — /(1) 1—7'2)].
For 7 € (0,1), we hence have
[R(X a1 (M) + 19Xy (7))] = 15 V/2(7) 1—T2>—w(r>—<1—72> > V3(1-7)

< 2y(1 —2\/7 —(1-72)2>2(1-71)?
& (1) —ap(r) = (1-7)°
(2 (=7 +ap(r)]’
S1-7)P>1-n'+27(1-7P)(1-171)°
&2(r—1)°71 (r?P +1) > 0.

This last inequality obviously holds true, so we have

(4.16) vr € [0,1],  [R(Xa, + (7)) +[3(Xa,,+ (1) = 1.

Let us then define

gp =7 € (0,1) = [R(Xa, + (7)) + [S(Xa, +(7)] - 1
:(T—l)—l—%[\/v(ﬂ—i—(l—r? ey

We already know that for all 7 € [0,1], g,(7) > 0. Our next goal is to show that in
fact, g, is bounded on [0,1] by some bounds going to 0 as p — co. In order to do
that, we will decompose the interval [0, 1] in two intervals [0, 7,] and [, 1] for some
parameters 7, € [0, 1] going to 1 as p — oo, and we will establish bounds going to 0
as p — oo on each of these intervals.

Let us start by the following remark: for 7, > 1/ V2, for all T € [1p,1),

wlr) = (7= 1) + 2= VA + (=) = V30 = (1= )

<S(TP-D+V1I-72<1,—-1+4/1-72
Therefore, if

(4.17) lim 7, =1,

pP— o0

we get limy, o0 [|9p | o< (7,,1) = 0.
On the other hand, for any 7 € (0,7,), we observe that Y(1)2 = (14 72)2 + (1)

with r(r) = =872PT2 (1 — 27%)), which implies in particular that
sup —(2) < 8721’
T€[0,7p) T
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Therefore, if we choose 7, such that

(4.18) lim 727 =0,

p—o0

we have, for all 7 € [0, 7],

‘7(7) - ((1 +73) + 251%) ’ < Cr(r),

for some C independent of p.
This leads, still under condition (4.18) that for 7 € [0, 7],

= [V =7 - VA == )

"0‘T+8uiﬂ>P“*JYw>‘<cﬁ?’

for some C independent of p.
Therefore, under condition (4.18), we have
r(7)

— 0.
p—)OO

sup gp(7) < C sup
7€[0,7p) 7€[0,7p)

We thus choose 7, = 1 —1/,/p, so that conditions (4.17) and (4.18) are satisfied, and
we obtain that

T2

pli)ﬂgo 9!l (0,1) = 0.

Therefore, for all e > 0, we can choose p € N such that ||g,||z(0,1) < e. This means
geometrically that the set {X, +(7), 7 € [0,1]} is included in S(1+¢) \ S(1).
Finally, the fact that {X, 4(7), 7 € [0, 1]} is a rectifiable curve can be done as in
the proof of item (iii) of Lemma 4.3 by explicit computations. This finishes the proof
of item (iv) of Lemma 4.3.
The proof of Lemma 4.3 is now completed. We finish it with Figures 3 and 4
illustrating Lemma 4.3. O

FIG. 3. In red, .— the Euclidean sphere; in black, —— the boundary of the £*(R?) ball; in blue,
the curve Xa, 4+ for 7 € [—1,1].
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FIG. 4. Xq,,+ for 7€ (0,1), and p=1, 2, and 5.

4.4. Proof of Proposition 4.4. Let L >0, Ly > L, >0, and « as in Lemma 4.3.

Let us then consider a function k£ which can be extended analytically on
S(Lo(1 +¢)). We still denote by k its analytic expansion.

We note that the oriented path C in (4.6) is included in S(Lo(1 +¢)). We can
therefore use Cauchy’s integral formula:

(4.19) Ve e [-L, L], k(z)= %/ LIO dz,
it Joz—x
which in our context yields
(4.20)
Lo i 0 o (F o
Lo k (Xa+(2) 0 k(Xa—(2)

0 XOt,Jr('%) - —Lo Xa,*(iz) - -

Let us then recall that for hy € L?(—Lg, Lg) and h_ € L?(— Lo, Lg), due to (4.7),
we have

(4.21)
2 (M hy(7) 1 _ 1 7
Kalhi)@) = == to Xt () — Xo_(2) (:c— Xot(®) = —Xa,(:ﬁ)) -
_2 (P h_(7) o1 i
K _o(h-)(z) = Vi )y Xoat (B)—X_o_(7) (I—X—a,+(5) x—X_m_(i)) d

2k h_(%) ( 1 _ ! > di
(4.22) NG /LO Xo—(@) =~ Xor (@) \2 - Xa-(@) 2-Xas(@))
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In view of (4.20), it is therefore natural to choose hy such that

(4 23) ) (JNL‘) B Ek(Xa +( ))X/ (~) for z > 0’
' VT Xo 1 (7) = Xo, () —ﬂk( _(@)X!, (%) for#<0,
and h_ such that
(124) v | et (@)@ e
: - 1 1
fXa—(x) Xo,+(7) mk(x N ))X _(@) for#<0.

Let us then check that the two above definitions (4.23)—(4.24) give functions h4,
h_ in L?*(—Lg, Ly). We explain in detail how to show that hy |, r,) € L*(0, L)
On (0, Ly), we have

1
4iy/7

Since for all Z € (0, Ly), Xo,+(Z) € S(0,Lo(1 4 ¢)) on which k is bounded (since it is
analytic on S(Lo(1 + €))), we only have to check that

(Xa 4 (£) = Xa - (2) X[, 1.(2)

belongs to L?(0, Lo). Explicit computations yield that

he(z) = (Xa 4 (£) = X, (%)) k(Xa, 4 (£)) Xg 4 ().

i
X (F) =1+ —27 +id/ (7)),
@) =1 e ( @)

Xop (F) = Xo_(3) = 2i/L2 — 22 + ia(@),

so that for all & € (0, Lg),

(Xa4(T) = Xo,—(2) X, (T) = 21/ L% — 22 + ia(T) — (—22 + id/(Z)) ,

which is obviously bounded in view of item (i) of Lemma 4.3. Therefore, hy (o, 1,)
given by (4.23) belongs to L%(0, Lo).

Of course, similar computations can be done to show that h|_r, o) € L*(—Lo,0)
and h_ € L%(—Lg, Lo). The details of these proofs are left to the reader.

Let us then show that the function k, defined for € (—L, L) by

(4.25) kr(z) = k(z) = Ko(hy)(2) = K_a(h-)(z)

can be extended analytically on the ball of size Lg. Indeed, from formulae
(4.20)—(4.21)—(4.22)—(4.23), we have for all z € (—L, L),

o l Lo (;f) 1z:<0 _ 1i>0 5
kr( ) = ﬁ Lo X, +(j‘7) Xa, ( ) <x — Xa,—&—(j) T — Xa,—(j)> d

_ h_(7) ( 170 7 170 )di.
Vit X ()~ Ko@) \7 - Xer (8) 7 Xar ()

2 [lo
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Now, according to Lemma 4.3, for Z < 0, X, +(Z) ¢ B(0,Lp), and for & > 0,
Xao,— (%) ¢ B(0,Lg). Therefore, the singularities in each kernel lie outside B(0, Lg).
In particular, &, can be extended analytically in B(0, L) with the following formula,
valid for any z € B(0, Ly):

__2 ho (%) Lico i 7
ky(2) = VT oy Xa (&) — Xa,—(2) (z = Xa+(T) 22— Xa»—(j)) !

2 Lo h_(Z) 1:>0 B lico A
VL, Xa— (%) = Xa4(T) \ 2= Xo—(F)  2z—-Xa4(2) .
This completes the proof of Proposition 4.4.

5. Further comments.

5.1. The reachable set when the control acts from one side. One may
ask if it is possible to characterize the reachable set of the 1D heat equation controlled
from one side only.

To fix the ideas, let L, T > 0 and consider the equation

Bt — Bppu =0 in (0,T) x (0, L),
u(t,0) =0 in (0,7,

(5.1) w(t,L)=v(t)  in (0,7),
u(0,z) =0 in (0,L).

In this context, we define the reachable set Z, ,t,0)=0(T") at time T > 0 as follows:
(5.2) Zru(t,0)=0(T) = {u(T) | u solving (5.1) with control functions v € L*(0,T)}.

Again, this set is a vector space independent of the time 7' > 0 and we therefore
simply write Zr, (¢,0)=0 instead of Zp, ,0)=0(T)-
As a corollary of Theorem 1.1, one can prove the following result.

THEOREM 5.1. Any function u € L?(0, L) whose odd extension to (—L, L) can be
extended analytically to S(Lg) for some Lo > L belongs to 1, v (t,0)=0

Theorem 5.1 is in fact an immediate consequence of Theorem 1.1. Indeed, if
uy € L?(0, L) has an odd extension i; to (—L, L) which can be extended analytically
to S(Lg) for some Lo > L, then @1 € #, from Theorem 1.1. If we denote by @ a
corresponding trajectory of (1.1) starting from @(0,-) = 0 in (—L, L), taking value
@ at time T in (—L, L) and having control functions v_, v, € L2(0,T), one can
check that for (¢,z) € (0,T) x (0, L), u(t,z) = (a(t,z) — @(t, —x))/2 solves (5.1) with
control function v(t) = (v4(t) — v_(¢))/2 and its value at time T is u; in (0, L), i.e
U1 € Rpu(t,0=0-

Also note that Theorem 5.1 is mainly sharp as [22, Theorem 1] states that any
state in Zr, ,(t,0=0 should have an odd extension which can be extended analytically
to the set S(L).

5.2. Regularity of the controls. Theorem 1.1 considers the reachable state
for (1.1) associated to controls in L?(0,T); recall the definition of %7, in (1.2). Our
goal here is to briefly discuss the regularity of the controls and prove that taking
C*>([0,T7]) controls does not significantly change the reachable set.
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THEOREM 5.2. Let L and T > 0 and let us define

(5.3)
R1,co0(T) ={u(T) | u solving (1.1) with control functions v_, vy € C*([0,T])}.

Then the set Z1,c--(T) is independent of the time T > 0 and satisfies the following:
(5.4) Urost @ (Lo) C Zr,c~(T) C #1 C (L).

Proof.

Step 1: The set Z1, oo (T) is independent of the time T' > 0. This can be proved
similarly as in [27], the only point being to check that one can prove null-controllability
in arbitrary small times with controls in C*°([0,7]) and not only in L%(0,T). This
result can in fact be obtained by a simple extension/restriction argument. Indeed,
given any ug € L?(—L, L), solving the heat equation

O — Opgu =0 n (0,7/2) x (=L, L),
u(t,—L) =0 n (0,7/2),

(5:5) Wtn=0  in(0.1/2)
u(0,2) = up(x) in (=L, L),

u(T/2) € C®(—L, L) and satisfies for all k € N, (0,0 )*u(T/2, —L) = (0pe)*u(T/2, L)
= 0. For Ly € (L,2L), we can therefore extend u(7/2) as a C*°(—Ly, Lg) function (by
setting w(T'/2,z) = —u(T/2,2L—x) for z € (L, Lo) and u(T/2,2) = —u(T/2, —2L—x)
for z € (—Lg, —L)). We then use the result [6, 9], which proves that there exist control

functions v — and v 4 in L*(T/2,T) acting in —Lg and Lg such that the solution u
of

O — Opzu =0 in (T/2,T) x (—Lo, Lo),
(5 6) U(t, _LO) = UO,—(t) (T/2 T)
’ u(t, Lo) = U07+(t) (T/2 T)
w(T/2,z) =u(T/2,2) in (—Lg,Lo)

satisfies u(T) = 0 in (—Lg, Lg). Now, parabolic regularity and the fact that u(7/2) €
C*°(—Lg, Lo) ensure that u is C2.([T/2,T] x (—Lg, Lo)). Therefore, the functions
v_, v4 defined by

0 it t € (0,T/2), 0 if t € (0,T/2),
v-(t) :{ ut,—1) ifte (T2, 24 vl :{ ut,L) ifte (T/2,T)

are C*°([0,T7]): This is obvious on [0,7/2] and on [T/2,T], while the equation and
the fact that for all & € N, (942)*u(T/2, —L) = (04z)*u(T/2,L) = 0 imply that for
all k € N, (0;)*u(T/2,L) = (d;)*u(T/2,—L) = 0. Besides, the solution u of

Ot — Opau =0 in (0,7) x (—L, L),
u(t,—L)=v_(¢t) in (0,T),

(5.7) Wt L) =vi(t)  in (0.7,
u(0, z) = ug(x) in (—L, L)

satisfies w(T) = 0 in (=L, L). Consequently, the heat equation is null-controllable
with controls in C*°(]0,T]) and the linearity argument in [27] applies instantaneously.
We have thus proved that Zp, ¢ (T') does not depend on the time T' > 0, and we will
simply denote it by Zr, ¢ in the following.
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Step 2: Proof of (5.4). First, it is clear that %1, ¢ is included in Z;,. Therefore,
we only have to check that for Ly > L, the set «7(L1) C %L ce. In order to do
that, we remark that the above restriction argument also implies that for all Ly > L,
Rr, C #r,co~. Thus, for any L > L, taking Ly € (L, L;) and using Theorem 1.1,
we have

%(Lﬂ C %Lo C %L’Coo.

As this is proved for any L; > L, we have finished the proof of Theorem 5.2. O

Remark 5.3. In fact, the above extension /restriction arguments can be made more
precise to show that the reachable set %, 42 (T") with control inputs u in the Gevrey
class 92(0,T) of order 2 (which is smaller than C°°([0, 7)) still does not depend on
T and satisfies

UL0>L427<LO) C %L,gz (T) C %LCoo (T) C %y, C ﬂ(L)

However, if we consider controls in the Gevrey class (0, T) for some s < 2, it follows
from [20] that the reachable states all belong to the Gevrey class 4°/2([—L, L]) and
are therefore holomorphic on the whole complex plane.

5.3. The multidimensional case. The Carleman estimate stated in Theorem
1.3 can be easily generalized to heat equations in spatial domains €2 which are multi-
dimensional Euclidean balls, and with observation on the whole sphere. However, it
is not clear how to use it in a clever way to get a sharp description of the reachable
set. This issue will be studied in a forthcoming work, as well as simple geometries
like strips.

Acknowledgments. The authors deeply thank Michel Duprez and Pierre Lissy
for several useful comments related to this work.
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